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PRESSURE SIGNALS IN RANDOM LINEARLY
ELASTIC RODS
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AHtraet-The dynamic response ofa linearly elastic rod with material properties which are described by random
functions of position along the rod is studied. A general formulation to be satisfied by the ensemble averaged
field quantities is derived. This formulation is considered in some.detail for those situations in which the magni
tude of the random variations is vanishingly small and those in which the length scale on which these variations
are observable is small compared to the length scale on which the variations in the averaged field quantities are
observable. The infinite rod dispersion spectrum is obtained for the former situation. A dynamic "effective
modulus" theory is obtained for the latter situation. The physical implications of the results are discussed.

INTRODUCTION

THE use of the formalism of stochastic processes to predict the "effective moduli" for solid
media. that possess an irregular substructure stems from the works of Brown, Beran and
Lomakin [1-3]. Since that time several authors have exploited this idea with success [4-8].
The justification behind using the results of an analysis of a stochastic process to make a
prediction of the results of an associated deterministic process rests on an ergodic hy
pothesis. As applied to the "effective modulus" prediction problem, ergodicity allows the
equation of statistical (i.e. ensemble) averages with spatial averages. The claim to ergodicity
is based on the fact that the desired effective moduli are ratios of two statistically homo
geneous fields. (For example, a streiS field and a strain field.) Statistical homogeneity refers
to the invariance of certain statistical averages with a change in position.

More recently, Beran and McCoy [9, 10J borrowed an idea long used in related fields
that enables one to make use of the idea of a random medium in analyzing an associated
deterministic medium in those situations in which the field quantities of interest are not
statistically homogeneous. To do so requires, in the present context, the identification of
two length scales in describing the solid. On one scale, the inner scale, defined by the sub
structure one is unable to perceive the statistical inhomogeneities. That is, the variations in
statistical averages occur over distances that appear unboundedly large when viewed on
this scale. The outer scale, on the other hand, is defined by variations in these statistical
averages. The variations in the substructure are too rapid to be discerned on this outer
scale. The presence of two length scales allows one to once again make recourse to an
ergodic hypothesis and equate a statistical average to a spatial average over a region that
appears unboundedly large when viewed on the inner scale. This same region appears as a
point on the outer scale. We note that it is this same condition, the presence of two length
scales, that gives the concept of an "effective modulus" theory physical meaning. As the
distinction between the two length scales vanishes so does the justification for invoking an
ergodic hypothesis. Of course, in such a situation it is difficult to assign any physical
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significance to a spatial average. A statistical average will, however, still have meaning
(see below). In this sense, one might say that the statistical approach is a more general
approach.

In Ref. [IOJ, equations are developed that govern the statistically averaged stress, strain
and displacement fields in a three dimensional linearly elastic solid subjected to a static
forcing. These equations are in the form of a non-local elasticity theory in that the averaged
stress at a point depends on the averaged strain at all points in the solid. Introducing i, to
denote a characteristic dimension of the substructure and L, to denote a characteristic
dimension for the variations in the averaged field quantities, these equations were in
vestigated in the limit as IIL becomes vanishingly small. The result is that, to a zeroth order
approximation, the non-local nature of the equations vanishes and one obtains an "effec
tive modulus" theory as one expects, A first order corrected theory was obtained and shown
to have the form of Toupin's gradient theory [11]. However, by considering the case of a
weakly inhomogeneous medium, it was shown that the sign of one of the higher order
material parameters was such as to violate a positive definiteness requirement on the strain
energy density of Toupin's theory. This point was investigated in a subsequent paper [12].

We turn now to a dynamical theory. Several interesting questions arise when inertia
effects are to be included. What is meant by an "effective modulus" theory? Do we simply
replace the material parameters and the mass density in the classical theory with their
effective counterparts? Do we need an effective mass density or is it valid to use an average
mass density? Weighing the specimen will give an average value for the mass density. Will
the dynamical effective moduli be the same as the associated statical effective moduli?
It is to be expected that a dynamical effective theory will be a long wavelength, low fre
quency theory. Will a solid with a disordered substructure admit ofaveraged solutions that
are characterized by long wavelength but high frequency? These would be analagous to the
optical branch solutions that exist in solids with an ordered microstructure. It is the purpose
of the present paper to consider such questions as well as to consider the extension of an
"effective modulus" theory. Attention is restricted to a one-dimensional theory and we
consider the propagation of pressure signals through a random linearly elastic rod. The
one-dimensional problem is considered because it simplifies the algebraic manipulations;
it represents a physically meaningful problem; and the results should lend themselves to
laboratory verification. Prior work [13-15J on the dynamic response of three dimensional
linear elastic solids with a disordered substructure considered the effect of the substructure
on the nondispersive waves that exist in the solid without the substructure in the limit of the
substructure vanishing (i.e. a weakly inhomogeneous solid).

Bya random linearly elastic rod is meant an ensemble of rods, each element of which is
described by a Young's modulus, E(x), and a mass density, p(x), that are given by irregular
functions ofposition measured along the rod. The average of these functions taken over the
ensemble are taken to be smooth functions of position. In all of the detailed calculations to
be presented these averages are taken to be independent of position. (We restrict ourselves
to statistically homogeneous random linearly elastic rods.) The space-time history of a
pressure signal as it exists in each rod will differ from one another in an irregular manner.
We are interested in the averaged space-time history ofa pressure signal where the average
is taken over the ensemble. One might gain an understanding of the nature of the informa
tion in this average by considering two extreme examples. The rods of interest are taken to
be infinite in extent and to be such that E(x) and p(x) are piecewise constant. The change
from one constant value to another occurs over a distance that approaches one that is
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vanishingly small. Each rod is to be excited by a point source which emits a tone burst of
frequency co and duration T. In one of the two extremes, the ensemble is such that the burst
gives rise to waves in the rods with lengths, L, that are very much longer than the largest
distances over which E(x) and p(x) are constant I. That is, L/I » 1. In the second extreme
the ensemble is such that L/l « 1. In Figs. 1and 2 are exhibited schematic representations
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FIG. 1. Extreme in wbich lengths of waves generated by burst [O(l*») are large compared to IenJtbs of
constant E and p[0(/•.~»). Upper plot illustrates scbematX:a1ly a portion of the spatial distribution that
results in an clement ofensemble &ftu some time. Lower plot illustrates average taken over all elemcnts
ofensemble. Same reiult obtained from spatial average of above over region that is large OD l•.~ scale

but small on 2* scale.
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FIG. 2. Extreme in which lengthS of ~aves generated by burst [0(;'*») are small compared to constant £
and p[O(I.,p)]. Upper plot illustrates schematically the s\KXCSSion of smooth sipals that arise due to
interaction of signal and interface. Lower plot illustrates average taken over all elements of ensemble.
Only the envelopes are shown since the detailed variations are too rapid to be viewed on this scale.
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of the spatial distributions of the resulting signals that one might expect to exist in a single
element of each of the two ensembles at some later instant of time. In the first extreme
(LII» 1), the signals generated by the multiple reflections and transmissions occurring at
each interface are spatially displaced relative to one another by a small amount. The com
bination of all of these overlapping signals is the complicated interference pattern shown.
In the second extreme (LIZ « 1) the first large signal is the result of a transmission at each
section. It is an undistorted replica of the signal originally generated although its amplitude
has been decreased due to the energy that is lost to this signal by virtue ofa reflection at each
intersection. The second signal is a superposition of signals resulting from a reflection at
two sections and transmission at the others. It is shown to be of much lower amplitude
from the first signal which would be the case for a weakly inhomogenous rod. Signals
resulting from reflections at more than two sections combine to form a succession of distant
distorted signals. They are not shown. (We note that on the scale shown the variations
within the tone burst are too rapid to be discerned.) Also shown in the figures are schematic
representations of the ensemble averaged signals that one might expect in the two examples.
In the first extreme the irregular variations that result due to the small differences in the
locations of the many transmitted and reflected signals are smoothed out. This same
result is obtained by a spatial averaging of the signal measured in an individual rod. The
spatial average is over a region that is large compared to the irregular variations of un
averaged signal, I, but small compared to the smooth variations of the averaged signal. L.
This is an example of a case in which we are justified in invoking an ergodic hypothesis.
In the second example there is no resemblance between the averaged signal and the signal
that exists in anyone rod. This is a non-ergodic process. We note, however, that there is still
information in the ensemble averaged signal. Looking to the first signal, it seems clear that
the area of the signal contains information on the probable amount of energy lost to the
first signal by reflections at the interfaces. The spatial distribution of the signal contains
information on the probable location of the undistorted first signal that occurs in a single
element of the ensemble.

The format of the paper is as follows. A derivation of the equations governing the
ensemble averaged response is given in the next section. Several simplifications of these
equations that result from certain physical approximations are considered in section three.
In particular we consider a weakly inhomogeneous limit and a low frequency, long wave
length limit. The latter gives an "effective modulus" theory. In section four the weakly
inhomogeneous rod is considered in more detail. The dispersion spectrum for a statistically
homogeneous ensemble of infinitely long rods is obtained. The physical information
contained in this spectrum is discussed. In the last section the results are summarized and
the effect of introducing a boundary is speculated upon.

DERIVATION OF EQUATIONS GOVERNING MEAN FIELD

Since an excellent discussion of the history and validity ofusing the following derivation
procedure in propagation problems is available [16], we shall ignore all such questions here
and simply apply it to the problem at hand. It is more instructive to first present a derivation
using an operator notation and only introduce the specifics into the final result. In the
operator notation the fundamental problem is given by the equation

Lu = g, (1)
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where 1. denotes a linear stochastic operator, u denotes here, the desired solution variable,
also stochastic and g denotes a forcing takeI) to be deterministic. We are interested in
developing an equation on (u), where ( ) denotes an ensemble average.

Averaging equation (1) gives

(1.) (u) + (L'u') = g. (2)

A prime is used to denote the fluctuating part of the quantity to which it is attached about
its mean value. Subtracting equation (2) from (1) gives

(L)u' +(I-P)L'u' = -L'(u), (3)

where 1 denotes the identity operator and P (for projection) denotes the operation of taking
an ensemble average. Equation (3) is now to be viewed as an equation on u' in which the
r.h.s. plays the role of a known forcing. Upon solving it we obtain u' in terms of (u) and 1.
which is then substituted into equation (2) to give the desired equation on <u).

In solving equation (3) we make use of a Liousville-Neumann series, i.e.

ex>

u' = - l: [-(L)-1(l-P)L1"(L)-1<u).
,,=0

(4)

(5)

Here, the notation <1.) -1 denotes the inverse of the operator (1.). Thus the only inverse
we actually construct is that of a deterministic operator. Equation (4) into (2) gives an
equation that is frequently termed the Dyson equation.

[ (1.)- f (-1)"PL'[(L)-1(l-P)L1"(L)-1 L ']<U) = g.
n=O

This equation may be written as

[<L)-M](u) = g, (Sa)

where the operator M, termed the mass operator, is obtained by comparison. Notice that
M is known only in the form of an infinite series of component operators.

For the application of interest, the governing equations are given by elementary rod
theory and they may be written, using a matrix notation, in the following form:

0" -or 0 0 r(x, t) 0

1 0 -E(x) 0 p(x, t) 0
= (6)

0 1 0 -p(x) G(x, t) 0

0 0 Or -0" v(x, t) 0

The stress, linear momentum, strain and velocity fields are represented by r, p, e and v,
respectively; 0" and or denote partial differentiation with respect to distance along the rod,
x, and time, t. Young's modulus is represented by E(x) and the mass density by p(x). They
are to be random functions of position. We shall carry out detailed calculations only for an
infinite statistically homogeneous rod. For the infinite rod, in order to keep our mathematics
valid it is necessary to restrict the variations in E(x) and p(x) with position to some bounded
region. Once the solution is obtained the limits ofthis bounded region may then be increased
without bound. It is in this limit that E(x) and p(x) approach statistically homogeneous
functions.
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(7)

The displacement field, u,t can be obtained by integrating the solutions for G and v
according to

e(x, t) = axu(x, t)

v(x, t) = 0tu(x, t).

In addition to the field equations (6), it is necessary to specify auxiliary conditions to
complete the formulation. One might think of the problem of a wave train originating at
x = - 00 to be incident on the domain over which E(x) and p(x)varies. The question of
interest applies to what happens to this wave train. A second problem might be the initial
value problem in which the strain and displacement fields are specified at an instant of time,
determine the subsequent time histories.

Comparison ofequations (1) and (6) allows identification of L, u and g. We note

Ox -at 0 0

0 -(E) 0
(L) =

0 0 -(p)

0 0 a, -ox

and

0 0 0 0

0 0 E'(x) 0
L'=

0 0 0 p'(x)

(8)

(9)

o 0 0 0 I

The mean operator is a differential operator with constant coefficients (due to the statistical
homogeneity of E and p); the ftuctuating part of the operator is algebraic.

The inverse of <L) will be an integro-differential operator which we can define by
introducing a Green's function matrix

Gtl Gr2 Gt3 Gt4

Gpi Gp2 Gp3 Gp4

Gel Ge2 Ge3 Ge4

GVI GV2 GV3 GV4

The first column elements satisfy the field equations

Ox -at 0 0 Gtl(x, t; Xlt l ) <5(x-x l )<5(t-t l )

0 <E) 0 Gpl 0
=

0 1 0 <p) Gel 0

0 0 at -OA GVl 0

(10)

(11)

t A chan,e in notation is to be noted. No confusion need result since the proper interpretation is always
evident from the context.
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where J denotes the Dirac function, together with necessary auxiliary conditions. The
second, third and fourth column elements satisfy similar problems with the singularity
forcing in the second, third and fourth row, respectively. If we introduce the Green's
function for the one-dimensional wave operator, i.e. the solution of the equation

(12)

where

c2
::: (E)/(p),

then

G£1 = (E)oxG == (E)Gx(x,t;xlt l ),

Gp1 = (p)o,G == (p)Gt(x, t; Xl' t1),

G£1 ::: oxG == Gix,t;xl' (1)'

GVl = OtG == G,(x, t; Xl' £I)'

Also, we may express the second and third columns in terms of the first by

and

(13)

(14)

where vdenotes, in tum, t, p, t and v. Note that the second and third columns are differential
operators. The fourth column is the same as the first. Using this Green's function matrix,
the inverse of (L), i.e. (L)-lqJ, where qJ is a column matrix of elements qJl,qJ2,qJ),qJ.,
is given by

Gtl GtZ Gt3 Gt4 cp(xl' t l )

L,t,
Gpl Gpz Gp3 Gp4 q>z(x2, (1)

dX l dtl'
G£1 GtZ Gt3 Gf4 q>3(X1, t1)

(15)

GV2 G"3 G"4 q>4(X1, t l )

where the integration is over the limits of the rod and over all past time. We shall, hence
forth, suppress the integral symbol with the understanding that is always to be applied
when one encounters a Gy ;.

We note that for the infinite statistically homogeneous rod with zero initial conditions
and the usual radiation condition we may write an explicit expression for G(x, t; X" £1)'

(See Ref. [17].)

(16)

Here, H(x) is the Heaviside function. Differentiating equation (16) we write
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cl

Gt(X, t; xl' t ,) = - 2(E)15[C(t- t,) -Ix -xII],

where sgn(x) is the signum function, i.e.

sgn(x) = x>o
(17)

(19)

=-1 x<O

and «5 is, again, the Dirac function. The reader is referred to Ref. [17] for a clear exposition
of the justification and use of symbolic functions.

By direct substitution and matrix manipulation, we can now form the mass operator
that appears in the Dyson equation as it applies to the problem at hand. The result is

0 0 0 0

0 0 A•• A.v
M= (18)

0 0 Av• Avv

0 0 0 0

where the A's appear as integro-differential operators which we know in the form of in
finite series. We write the first few terms of these series:

A.. = (E'G.lE') + (E'G.2E'G.2E') + (E'G.3P'GvlE') + .

A.v = (E'G.3P') + (E'GtlE'G.3P') + (E'G.3P'Gv3P') + .
Av• = (p'Gv2E') +(p'Gv2E'G.2E') +(p'Gv3P'Gv2E') + .

Avv = (p'Gv3P') + (p'Gv2E'G.3P') + (p'Gv3P'Gv3P') + .
For the infinite statistically homogeneous rod we have explicit expressions for the

Green's functions [equations (17)]. We now use these in the above definitions of the A's.
After performing some partial integrations we may write the following expressions for the
results of the A's acting upon the terms on which they will act in the Dyson equation.

A•.<e) = 0", (e(x, t» + f~oo 0"2(X, x ,)[o./e(xI' t,»] dx,

+ f~oof~x tf~(x,Xl'X2)[O'10f2(e(X2,t2»]dx2d't, + ... ,

A.v<v) = f~", l/dx, X,)[Ofl(v(Xl' t l »] dx l

+ f~", f:oo l/'3(X, xl' x 2)[O.O'1<v(X2, t2»] dX 2 dX 1 + ... ,

Av.<e) = f:", l/dx,X,)[O'I(e(Xl' t,»J dx,

+ f~oo f~", Ccf23(x,x,)[O.,O./e(x2, tl»] dx l dx, + ... ,

(20)
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where

[
(E'2) (E'3) J

til = -(E) (E)2 - (E)3 + ... ,

~ ( )= (E)[(E'(X)E'(XI» (E'(x)E'2(X I» + (E'(x l )E'2(X» ]
°2 X, Xl 2C (E)2 (E)3 + ... ,

c. ( ) _ (P)[(E'(X)E'(X I)E'(X2»
3 X,X 1 ,X2 - 4 (E)3

(E'(x)p'(x1)P'(X2» ]
-Sgn(X-XI)Sgn(X 1 -X2) (E) (p)2 + ... ,

(P)[(P'(X)P'(XI» J
.l{z(x,x1) = - 2C (p)Z + ... ,

(P)[ (p'(x)E'(x1)p'(x:z»
.l{3(X,XI,X2) = - 4C:Z sgn(x-x l)sgn(XI -X2) <p)2(E)

- (p'(x)p'(x l )P'(X2» + ]
(p)3 ....

In these equations a series of dots indicates an infinite number of terms and

885

(21)

lXi-I-Xii
t j = t i - l C· (22)

We note that the representation of the A's as given by equations (20) is not unique. We
elected to use the Dirac function to eliminate the integration over t instead of eliminating
the integration over x. Also, we have the equality 0,(e) = <7x(v) which could be introduced.
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Dropping the matrix notation, the equations governing the mean field quantities in a
stochastic linearly elastic rod are:

O,/t) = 0t<p),

(t) = E(E)+A,J(e)+A,v(v),

<p) = AVl(e)+[<p) +Avv]<v).

(e) = 0x(u),

(v) := o/u).

(22a)

(22b)

(22c)

(22d)

(22e)

A comparison might be made between these equations and those that govern the field
quantities in a deterministic linearly elastic rod. Such a comparison can lead to our viewing
the former as a generalization of the latter. In the generalized equations the stress field
is obtained by a linear combination ofoperations on the strain and velocity fields, as is the
linear momentum field. In the specialized equations the stress field is given by an algebraic
operation on the strain field alone and the linear momentum field by an algebraic operation
on the velocity field alone. Too much sisnificance should not be attached to this formal
identification, however. More confusion than understanding will arise from attempting to
view the above equations as representing those that govern a generalized continuum.

In the next sections of the paper we shall restrict attention to the infinite statistically
homogeneous rod in discu$ing the usefulness ofthe formulism developed and in investigat
ing the dispersion spectrum. In the final section we shall consider what changes· might be
expected for the finite rod. Before proceeding, however, we draw the reader's attention
once again to the discussion in the introduction on when we can extract some information
ofthe response ofan individual rod from knowledge ofthe average response of the ensemble.

DISCUSSION OF GENERAL FORMULATION-EFFECTIVE MODULUS
THEORY

While equations (22) with the A operators given by equations (20) and (21) do define a
formulation for predicting the mean field response, this formulation is not very useful as
it stands. This is because the definitions of the A operators contain infinite series involving
the joint statistical moments of the stochastic functions E' and p'. We can really only use
these definitions in a direct fashion if we can either truncate these series or else sum them.

A truncation can be introduced in the case in which the random variations are small
relative to the mean values, i.e.

(E'Pftp'")
(E>Pft(p)1I « 1. (23)

In such a case we can obtain a consistent approximation of our seneral formulation that is
good to second order in the random variations. Equations (22b) and (22c) become

[ <E'2>J <E) foo (E'(x)E'(x 1»
(t(x,t»-(E) 1-(E)2 (e<x,t»+2C -00 (E)2 [Ofl(e(Xl' t1»] dx 1

(p) (E'(x)p'(x
1
» (24b)

+2I. sgn(x-x1) (E)(p) [iJ..(v(x 1 , t 1»] dx1
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(24c)

With these specific forms the formulation developed becomes useful. The only statistical
information, in addition to the average values of E and p, that is needed is contained in
the two point moments, (E'(x)E'(x l ), (p'(x)E'(x l ) and (p'(x)p'(x l ). The measurement
of these quantities is conceptually not difficult. It is to be noted that in the case of homo
geneous statistics and an infinite rod the integrals appearing in equations (24b) and (24c)
are of the convolution type suggesting the desirability of a Fourier representation, that is,
cast the formulation into k space. In the next section we shall investigate the dispersion
spectrum for this weakly inhomogeneous case.

Except for this weakly inhomogeneous case the author does not evision a practically
meaningful way in which he can either truncate or sum the series appearing in the definitions
of the A operators. Therefore, if the formulation is to be useful for other than the weakly
inhomogeneous rod it is necessary to look to other type approximations in order to simplify
it. One obvious approximation would be valid in those cases in which the length scale on
which the random variations in E' and p' are observable is different from the length scale
on which the variations in the mean field quantities are observable. If we introduce I to
denote the largest correlation distance defined by the variations in E' and p' and Land
Lie to denote the smallest length and time variations of the mean field quantities, then we
can look to the form of the equations in the limit of IlL becoming vanishingly small.
To obtain this form we expand (e) and (v) as they appear in the integrals ofequations (20)
as Taylor series about the point (x, t). This allows us to write, for example,

A••(e) = 81(e(x, t) +12/[or(e(x, t)] +131/2[OtO,(£(x, t)] +13212[oA(e(x, t)] + ... ,
where

. 12 / = L, 8ix , Xl) dX l

131 /2 =f f 83(x, xl' x 2) dX l dx2-bf Ix-x l I82(x,x l )dx l (25)
Xl X2 Xl

132 /2 =f (Xl -x)82(X, Xl) dX l
XI

etc. The parameters, I, are all of order unity. Similar results are obtained by considering
the other expressions in equations (20). Referring to the definition of L, we see that these
series contain terms of increasingly higher order of (ilL). We might truncate these series
retaining only terms of order (IIL)O to arrive at a zeroth order approximation. The result is
that we may express equations (23b) and (23c) as

(or) = [(E)-81] (8)

(p) = (p) (v).

(26b)

(26c)
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(27)E == [<E) -Iff] = <E) <lIE) + <E'IE)
err 1 <lIE)'

Similarly, we might obtain a first order approximation by retaining all terms of order
(IIL) that appear in these series while rejecting all terms of higher order. The result is

(r) = Eerr<e) +/21[ot<e)] +~121[ot<v)],

<p) = <p) <v) +0/1721[ot<v)] +~21/[ot<e)],

(28b)

(28c)

where 12 is given by equations (25) and <j12' <j21 and Ji2 have similar definitions replacing
82 in equation (25) by ~12' ~21 and .i/2 , respectively. We note that in the case of homo
geneous statistics ij12 = ij21 = O.

The zeroth order approximation is recognized as an "effective modulus'·' theory.
We notice that for the problem being investigated it is possible to recognize the value of
the infinite series that defines the effective modulus. This is an accident of the specific case
at hand. In general we cannot expect to be so fortunate. In applying the effective modulus,
low frequency, long wavelength approximation we shall ignore the analytical prescription
developed for the effective modulus. Rather, we view the effective modulus theory as a
phenomenological theory in which the effective modulus enters as a parameter to be
determined by comparing the predictions of the theory with measured results obtained in
test situations.

We can make the following statements of the effective modulus theory. The solutions
that it predicts must satisfy the conditions on which it was derived (i.e. IlL « 1) if these
solutions are to be valid. The conditions for the validity of the effective modulus theory
are the same as those justifying the invoking of an ergodic type hypothesis. Thirdly,it is
not difficult to show that the effective modulus obtained from this dynamic analysis agrees
with that one obtains on ignoring inertia effects from the outset. It might be noted that the
statical problem is simple enough that one can carry out the derivation procedure without
resorting to any iteration scheme. The reader is referred to Ref. [18] to see how this is
accomplished. Fourth. it is noticed that only one point information in the variations in E'
enters the definition of Eerr . Finally, the average mass and not an effective mass enters the
effective modulus theory. As a general rule for problems of this type, it is to be expected
that the last two observations are peculiar to the specific problem at hand. The effective
moduli one obtains in considering three-dimensional linearly elastic solids in the absence
of inertia effects, for example, are known to depend on three and more point information.
It would be most interesting if only the average mass and not an effective mass entered
the theory as a general rule. The average mass is the quantity that one would obtain by
simply weighing the solid.

The foJIowing comments can be made of the first order approximation to the general
formulation. Firstly, the formulation is not uniquely expressed by equations (28b) and (28c).
For example, we might make use of the equality o,<e) = 0x<v) to obtain an identical
although seemingly different expression. Secondly, it can be expected to admit solutions
which may be viewed as modifications of the solutions admitted by the zeroth order
approximation in that the difference between the two sets of solutions will vanish in the
limit of IlL vanishing. The term 1 210t<e) appearing in equation (28b) is a dissipative type
term. Hence, we expect that the first order equations will predict a response that is like
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that for a solid in which we allow some energy dissipation. We consider this further in
the next section. Since the order of the system ofequations of the first order approximation
is higher than that of the zeroth order approximation it will admit solutions that have no
counterpart in the latter theory. These additional solutions will be ofquestionable validity,
however, since they will probably correspond to a situation in which we are not justified
in truncating terms of order (l/L) or higher.

The effects ofrelaxing the low frequency, long wavelength assumption will be illuminated
in the next section when we consider the dispersion spectrum for the weakly inhomogeneous
rod. Before proceeding to these specific calculations, however, it is worthwhile to make one
final comment of the general formulation and that is that a series ofintegration by parts and
algebraic manipulations allows the writing of equations (22b) and (22c) as

(r(x, t» = f I(x, t; Xl' tt)(s(X1, tl» dX1dt l
J::},tJ

and

+f ~(x, t; Xl' t1)Oh(v(X t , t 1» dX1 dt t
Xl,ft

(P(X, t» = f ~(xl' t1; x, t)(s(Xl' tt» dX1 dt1
Xlth

+f JI(x, t; Xl' t1 )O'1 (v(Xl' t 1» dX1 dtt +(p) (v(x, t».
Xl,tl

(29b)

(29c)

We may ignore the analytical prescription for the four two-point functions and treat them
as phenomenological parameters to be determined by matching prediction with experiment.
Of course, there is an enormous amount of freedom in these four functions; far too much
for us to hope to be able to uniquely determine them in test situations. A more realistic
approach is to accept the general formulation with equations (29b) and (29c) as a foundation
for developing an approximate formulation. A given approximation will be defined by
restricting the functional form of4, <c and JI. We do not pursue this possibility any further
in the present paper, but refer the reader to [19) for a discussion of this possibility as it
arises in a different context.

DISPERSION SPECTRUM FOR INFINITE WEAnY
INHOMOGENEOUS RODS

In this section we consider the reduced formulation obtained upon making the weakly
inhomogeneous approximation. We are interested in obtaining the infinite rod dispersion
spectrum. Accordingly, we let

qJ(X, t) = (p(k, ro) exp[i(kx - rot») (30)



890 JOHN J. MCCOY

where t/J(x, t) denotes, in turn, (r), (p), (6), (v) and (u). Substitution in equations (22a),
(24b), (244:), (22d) and (22e) and factoring the common exponential term gives

ik(i) = -iw(fi),

(of) = [Eere -i,,2W2(p)"u(k, w)] (~) _,,2W2(p)C11Ep(k, w)(D),

(13) = ,,2W2<p)C11EP(k,W)<~)+[(P)+i,,2W2~~)2 "pp(k,W)]<D), (31)

(e) = ik<a),

<D) = -iw<u).

In these equations

[ (E'2>J
Eerr = <E) 1- (E)2 '

"EJk, w) ={'" NEJkol r)cos(kkol r)exp(ir) dr,

and

(32)

where

ko = wle == wJ«p)/(E»,

,,2NEB(lx-x 1l) "'" (E'(x)E'(x1»/(E)2,

"zNEilx-Xll) = (E'(x)p'(x1»/(E)(p) = "zNpJlx-x11),

and

,,2Npilx-Xll) = (p'(x)p'(x 1»/(p)2.

The parameter ,,2 is a scaling factor introduced to allow the N's to be of order unity.
In the weakly inhomogeneous medium,

,,2 « 1.

The quantity ko is recognized as the wave number at frequency co in the "mean" rod.
The fact that the correlation functions depend only on the difference coordinate is a result
of the assumed statistical hOJDOlCneity. By substitution and rearraJlling we now obtain
the following characteristic equation,

(33)
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(34)
K= k/ko

Kerr = wJ«p>/Eerr)/ko

denote the wave numbers ofour small perturbation formulation, and ofa small perturbation,
effective modulus formulation both non-dimensionalized using the "mean" rod wave
number. The roots of this characteristic equation, denoted by

K;; i = 1, ... , n,

where n is however many roots the equation happens to have for a given ko' give the
branches of the desired dispersion spectrum. In a general situation we should expect that
the ,,'s will be transcendental functions thereby giving rise to a dispersion spectrum with
an infinite number of branches. In special cases, however, the correlation functions may
be such as to result in ,,'s that are algebraic functions. In such a case the dispersion spectrum
will have only a finite number of branches.

To solve the characteristic equation we can make use of the fact that ,,2 « 1 for the
equation to be valid. Thus the second term will offer a negligible to the equation provided
a root is not so located as to make the bracketed quantity very large. We obtain approximate
values of the desired roots that is good to order ,,2 by a perturbation procedure. Our base
roots are the roots of the characteristic equation for" = °and the valces of f( for which the
bracketed term becomes singular. For" = 0, the characteristic equation reduces to that of
the homogeneous average rod and hence we obtain for a base root 1C = 1. Perturbing this
value and noting that

k;rr= 1+'12NEE<0) +0(".),

we obtain the following approximation of a root of the secular equation that is good to
order '12

•

1Ci = 1+ ,,2[Nu(O) - i'1EE(l, ko)+ '1p,;(l, ko}- i'1pp(l, ko)]. (35)

In obtaining equation (35) we have made no explicit assumptions ofthe relative sizes of I,
the largest correlation length, and L = ko1, a characteristic length associated with the
variations in the mean field. If we now assume that IlL is small we can obtain simplified
expressions for the ,,'s. This is done by noting that in the integral's the N's are non-zero
only for r small, hence we are justified in expanding the trigonometric functions as power
series and in truncating. The result is

lei = 1 +'72 {NEJO)+ k~I2«(T~1 +~~l}_ i[koI«(T~lJ+(T~~)-k~I2~~] +O(k~13)}, (36)

where

1 roo
(T~~ = FJ

o
,..-1NEE<r) dr,

with a similar definition for (T~~ and (T~l. Keeping only terms of order (kol)°, the above
result agrees with the small perturbation effective modulus theory. Retaining terms of
order (kol), the above result agrees with the small perturbation first order approximation.
To this order we see that this branch exhibits spatial decay. Retaining terms of order (kol)2
predicts a branch that exhibits both dispersion and spatial decay. These results are in
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agreement with those ofearlier researchers such as Karal and Keller [13] who investigated
waves in a three-dimensional elastic solid.

To obtain approximate expressions for the other branches we perturb those values of
k for which the bracketed term in equation (33) becomes singular. This will occur for those
values of k for which the I1'S become singular. If we consider, for example, 11EE(k, ko}, we
see that we can express it as

11EJk t ko} = t[REJko+k}+NEJko-k}]
where

N(s} := L'" N(x} exp(isx} dx

that is, 8(p} is a reciprocal space representation of the correlation function. Thus '1E,j,k, ko)
becomes singular for those values of k for which N[(l +k)koJ or N[(l-k)ko] becomes
singular. For a correlation function that falls to zero in a distance I, it is not difficult to
show that 8[(1 +TC)koJ and 8[(l-TC}koJ will become singular only for a value of TC such
that Im(kko}is of order r 1. Thus except for the branch that is a small perturbation of the
single non-dispersive, non-decaying branch of the homogeneous average rod, all branches
of the infinite rod dispersion spectrum define waves that decay in a distance that is of the
same order as the correlation length, I. This is in agreement with a similar result obtained
by Tatarski and Gertenshtein [20]. These authors investigated the stochastic Helmholtz
operator for an assumed form for the correlation function.

The physical significance to attach to the infinite rod dispersion spectrum is easily
understood by considering a point source in an infinite rod which is capable of projecting
energy in a single direction. If the source is a Helmholtz resonator of frequency w, then the
waves defined by k~w} combine to give the steady state response of the rod. The amplitude
and phase to assign to the individual waves depend on the details of the resonator. We have
found that outside ofa region ofsize that is of the order of magnitude ofa correlation length
we need consider only one wave and this wave is a small perturbation of that which occurs
in the homogeneous "mean" rod. We note that even this decays with the decay distance
for long wavelengths being given by

A~/"Zl

where Ao is the length of the wave in the homogeneous average rod, 1is the correlation
length of the variations of E' and 'I gives the size of the variations in E' relative to <E).
It should be noted that the fact that no response is ever noticed a finite distance from the
source is not a consequence of energy dissipation. Rather, it results from the energy
eventually being transformed into totally "incoherent" energy.

The presence ofthe additional branches, all of which are strongly evanescent introduces
the possibility ofa situation in which a portion of the energy will be in a coherent form only
within a very limited region of the source. The investigation of this possibility is left for a
future study.

CONCLUDING REMARKS

In this paper we have derived a formulation that must be satisfied by the mean field
quantities for a statistical assemblage of linearly elastic rods. This formulation is given by
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equations (22). In general the A operators which determine the averaged stress and linear
momentum fields in terms of the averaged strain and velocity fields depend on the joint
statistics of E(x) and p(x) and of the boundary conditions that are to be satisfied by each
element of the assemblage. Thus, the amount of information contained in the A's is
enormous; probably, far too much for us to ascertain in a meaningful problem. We cannot,
therefore, consider this general formulation to be of much immediate use in a practical
situation. We hasten to point out, however, that this difficulty is an inherent difficulty of
the problem and is not a fault of the formulation derived. In the general situation, the
averaged response of the assemblage does depend on the complete joint statistics of E(x)
and p(x) and a formulation that requires less than this information can be at best an
approximation. It is also to be noted that the general formulation can serve as a foundation
for deriving approximations in those situations in which we cannot put it to immediate use.
This point is considered in detail in a different context in Ref. [19].

There are two physically important situations in which the general formulation reduces
to formulations which can be of immediate use. One is the situation in which the variations
in E(x) and p(x) are vanishingly small and one is the situation in which the length scale on
which these variations are observable is different from the length scale on which the
variations in the averaged field quantities are observable. The former occurrence results in a
simplified set of equations that contains only two point moments of the variations in
E(x) and p(x). The latter occurrence results in an "effective modulus" theory as a first
approximation. With respect to the weakly inhomogeneous assemblage, an attempt could
be made to determine its averaged response using a classical perturbation procedure.
The result of this approach is often termed the Born approximation. The Born approxi
mation is marred by the fact that it is not a uniformly valid approximation. It is valid in the
weakly inhomogeneous assemblage only over short propagation distances. This fact is
now well understood and is discussed in Ref. [16]. With respect to the two length scale
situation, it is just this occurrence which allows one to invoke an ergodic hypothesis and
think in terms of spatial averages taken over the inner length scale. Both of these physically
important approximations have been considered in some detail for the statistically
homogeneous assemblage of infinite rods.

Introducing a boundary to the rods introduces many complications that are to be left
for future studies. We can speculate on one result of introducing such a boundary by
considering a special case in which we have semi-infinite weakly inhomogeneous rods
bonded to semi-infinite homogeneous rods. The Young's modulus and the mass density
ofthe homogeneous rods are to be equal to the averaged Young's modulus and the averaged
mass density of the stochastic rods. In such a situation the Green's functions to use in the
definitions of the A operators are the same as in the infinite stochastic rods, the only
difference in the definitions of the A operators being the range of the integrations contained
therein. For such a situation one can solve a specific problem of a wave train generated at
infinity in the homogeneous rod, which then propagates toward and interacts with the
boundary between the homogeneous rod and the inhomogeneous rod to which it is bonded.
The solution procedure requires an application of the Weiner-Hopf technique. The result
shows that all the waves of the infinite rod dispersion spectrum will be generated at the
boundary. This is true no matter the relative lengths of the wave in the homogeneous rod
and the variations in E(x) and p(x). An "effective modulus" theory was seen to contain
only one of these waves. It was also seen that all of the waves not contained in the effective
modulus theory were rapidly attenuated (spatially). From this one can conclude that in a
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bounded rod forced in such a manner as to satisfy a two length scale requirement the
"effective modulus" theory is a valid interior theory. One must introduce, however, a
boundary layer theory that governs the response between this interior region and an actual
physical boundary. Some aspects of this feature are contained in Kupiec et al. [21].
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A6c:TpIucT-HCCJlc.a.yCTClI ,tlHHaMK'fCCKoe nOIlC,/lCHHC nHHeBHoro ynpyroro CTeplKHJI, KOToporo CaoACTBa

MaTCpKaJ1a OnHCWBaIOTClI eny'faAHWMH 41YHKUKlIMH nonOlKCHHlI BllonB CTCPlKHJI. OnpelleJIJleTCJl o6waJl

4IoPMynHpoBICB, ICOTOpa,R Y.l10llJleTaoPICT MHOlDCTBY ycpellHCHHWX caollcTB nonJi. PaceMaTpHIlllCTCJI OHa B
KCKOTOpWX nO,/lp06HocTIIX, ,llJIJI TaKHX enY'faCB, B KOTOpWX 3Ha'lCHHJI eny'faAHwx 41YHICWfIl CTpeMJlTCII K

KynlO, a TaDtC ,llJIJI TUHX lKC, B KOTOpWX ,llJIKHa M8CWTa6a Ha6nlOJlaeMWX H1MCpeHHll1lIIJDICTCJI ManoA
no cpaBHCHHIO C ,llJIHHoll MaCWTa6a, ,ltIIJI I(OTopoA MOllCHO Ha6nlO,/lan. K1MCpeHHC YCpeJlHeHHWX caoAcTB

nonll. ,llnll npe,/lWJ1Ywero eny'lall nony'laeTCII CRCKTP paCCCIIHHII ,llJI1I 6ccxOHC'lHOrO CTtplICH". lln" encll

YlOwcro lICC Jlai:!Tc" TeopHII JlHHaMH'ICCKOrO ,,3ciKlleKTHBHOrO MOl1yn,,". 06cYllC,/laeTcJI 41H1H'ICCKHC BWao,aW
pc3ynloTaToB.


